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ABSTRACT: We modify our recently introduced bound contraction methodology for global optimization of bilinear MINLP
models' to solve the stage-wise superstructure model for heat exchanger networks.” Because the problem has nonlinearities that
are not bilinear or quadratic instead of converting the problem into a fully quadratic one, which would add much more variables
and equations, we use a different relaxation approach that takes advantage of monotonicity. Aside from the original bound
contraction method, we also use branch and bound combined with bound contraction at each node.

1. INTRODUCTION

Among the superstructure-based models for a heat exchanger
network (HEN) design, the most popular one is the stage-wise
superstructure approach due to Yee and Grossmann.” Even in its
simplest form (isothermal mixing), this mixed integer nonlinear
programming (MINLP) problem is a challenge to local solvers,
not even rendering local minima at times. Because of this, we
resort to the use of a robust global optimization method; that is,
one that guarantees answers without presenting numerical
failures.

There are several global optimization methods, some even
commercially available like BARON,> COCOS,* GlobSol,®
ICOS,6 LGO,” LINGO,® OCLNLP,9 Premium Solver,'’ and
others that are well-known like the aBB,"! GLoMIQ_O,12
Antigone,13 SCIP,'*'> and Couenne.' Many are described in
several books'’~*" and recent paper reviews.”> >

Some of the above methods as well as others, apply different
approaches for global optimization: Lagrangean-based ap-
proaches,”®” disjunctive programming-based methods,* cut-
ting plane methods,®’ interval arithmetic,”>™>" branch-and-
reduce,®® GMIN-aBB and SMIN-aBB,* spatial branch and
bound,*® branch and cut*' and branch and contract,**
decomposition through 5generalized benders decomposition**
or outer ezlgproximation,“ " both restricted to a certain class of
problems*”*® as well as others.*” The list is not exhaustive.

Bilinear terms abound in process engineering because they
represent products of flow rates and concentrations/temper-
atures in component and energy balances, to mention just the
most common ones. In addition, univariate concave terms show
up typically in cost functions. In a previous work (Faria and
Bagajewicz °°™>*) we address problems that contain these
bilinear and univariate concave terms. Faria and Bagaje-
wicz*97%* use some previously proposed partitioning methods
to obtain lower bounds in addition to some reformulation
techniques: those from Sherali and Alamedinne;>> Meyer and
Floudas;>* Misener and Floudas;**™>° Gounaris and co-work-
ers;*’ Karufpiah and Grossmann;sl’é2 Bergamini and co-
workers;63’6 Wicaksono and Karimi;65 Hasan and Karimi;66
and Pham and co-workers.”” Some of these techniques were
incorporated in commercial software that is based on the concept
of range partitioning of variables in bilinear terms (Antigone,
Couenne, etc.).
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In our work we use a methodology based on the
aforementioned partitioning of portions of the domain to obtain
lower bounds, but departing from other efforts we use a new
bound contraction procedure.”*°~>* The procedure presented
differs from most of the previous approaches based on overall
lower and upper bounds (OLB/OUB) schemes in that it does
not use a branch and bound methodology. Instead, after
partitioning the intervals between lower and upper bounds of
certain variables into several subintervals, a bound contraction
procedure based on the feasibility of the lower bound model is
used in an interval elimination strategy. The novelty the previous
researches introduced is feasibility-based and objective function
value-based bound contraction.

Our additional contribution in this paper is the extension of
the method used to underestimate bilinear terms only and bound
contract discretized variables developed by Faria and Bagaje-
wicz"**7>* to the underestimation of terms containing non-
convex monotone functions. Instead of introducing several new
variables to convert the problem into a quadratic one, we use a
different relaxation of monotone functions that does not require
reformulation and addition of new variables beyond the integers
needed for discretization. We also explore the use of branch and
bound with our bound contraction procedure at each node.

The paper is organized as follows: We make a brief review of
the bound contraction procedure and the newly proposed B&B
procedure with bound contraction at each node. We then discuss
our relaxation procedure, and finally, examples are presented.

2. GLOBAL OPTIMIZATION STRATEGY

The global optimization strategy we use was developed by Faria
and Bagajewicz."*~>* It relies on partitioning variables to build a
linear (or convex) lower bound. The algorithm works as follows:
1. The relaxed model (lower bound) is solved. If there is no
solution, the problem is infeasible. If not, the objective

value found is the first lower bound.
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Figure 1. Stage-wise superstructure.

k

Stage 2 !
——TR E
L Hi1-C2- ‘_%_C1
——h2-c1* i
‘% C2
Ly H2-c2 E
k=3

2. The original model is solved using any available MINLP
code (in our case, we use DICOPT) using the values of the
variables obtained from the lower bound as initial points.
This helps in obtaining meaningful upper bounds. We
keep the objective as the first upper bound.

3. The bound contraction method is used and as a result a
new set of bounds for the variables are obtained and the
lower bound is updated. We discuss the bound contraction
later.

4. The upper bound is updated and the procedure continues
until the gap between lower and upper bound is small
enough.

Regarding the number of partitions (see Faria and Bagaje-
wicz*97>%), the strategy in this paper is to pick as few as possible
and when the bound contraction does not progress, then increase

it slowly.

3. HEN MODEL

Zamora and Grossmann** proposed a global optimization
algorithm to rigorously optimize the stage-wise superstructure
approach due to Yee and Grossmann,” under the simplifying
assumptions of linear area cost functions and no stream splitting.
The approach relies on the use of convex underestimators for the
heat transfer area. Later, the approach was extended to account
for the nonlinear area cost functions.”® Adjiman and co-workers
solved the HEN synthesis problem under the assumption of
linear area cost functions, using the SMIN-aBB algorithm.69
Bjork and Westerlund covered stage-wise models and solved
HEN synthesis problems to global optimality under isothermal
and nonisothermal mixing assumptions.”” The most recent
attempt to solve the Synheat model to global optimum is the one
proposed by Bergamini and co-workers.”" Their strategy is based
on an outer approximation methodology, employing piece-wise
underestimators of nonconvex terms and physical insights.

The stage-wise superstructure of the model enables both
exchangers in parallel, as well as in series. A two stage
superstructure for two hot and two cold streams is presented
in Figure 1.

Heat can be transferred between each pair of hot and cold
streams in each stage, and if the stream splits in a stage it is
remixed isothermally before entering the next stage. The

isothermal mixing assumption eliminates the requirement for
nonlinear heat balances around heat exchangers as well as
nonlinear heat mixing equations. In the original formulation by
Yee and Grossmann~ the feasible space is defined by strictly
linear constraints. Nonetheless, the model is nonconvex due to
the presence of nonlinear, nonconvex terms in the objective
function related to area costs.

The nonconvex MINLP model presented in this work differs
slightly from the one reported by Yee and Grossmann.” The
differences are as follows:

e The areas of heat exchangers are used explicitly in the
objective function (The original Synheat model uses the
ratio of the heat transferred to the log mean temperature
difference).

e The area costs are assumed to be linearly dependent on the
areas, thus making the objective function linear.

e Because the areas of heat exchangers are explicitly defined
in the objective function, new constraints to calculate them
are incorporated.

Although the second assumption can be conceptually
challenged, Barbaro and Bagajewicz argued that linear
approximations of cost equations can be justified by the fact
that they already carry an inherent uncertainty.””

We now present the model equations. The reader is referred to
the paper by Yee and Grossmann® for explanations of each
equation. We introduce explanations about what is new.

Objective function:

min z z Z CugiZij Z CueZcui

i€HP jECP keST i€EHP

+ z CugZuyj + E Cevley + Z CHUqHUj
jeCP i€HP jecp

+ Z Z Z CAi,/Ai,j,k+ Z CaAcui

i€HP jECP keST i€HP

+ 2 CajAnuyj

jecp

(1)

where z;;;, zcy, and zyy; are binary variables to denote that
existence of heat exchangers, cooling utilities, and heating
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utilities, respectively. As described above, the area cost has been
linearized, although concave terms can be used.

Overall heat balance for each stream:

H H H .
(Tivi — Tour)CE = Z Z G T ey '€ HP

keST jeCP
)
9 C .
(Tourj — IN])CF Z Z 9 Ty T € cp
keST ieHP
©)
Stage heat balance:
(Ti — T )CE = )] q,,, k€ST, i€HP
jecp 4)
(Tf — Tyis)CEf = ) q,,, k€ST,jecCP
i€HP ()
Superstructure inlet temperatures:
Tiy; =T, i€ HP ©)
c C .
Ty = Tjnok+1 € CP (7)

Feasibility of temperatures (monotonic decrease in
temperatures):

T, > T, k€ST,i€HP (8)
Tx‘l,{NOK+1 2 TgUTi i€ HP 9)
Tj, > Tj,, k€ST,jeCP (10)
T;l hS TOUT; jE€CP (11)

Hot and cold utility load:

H H .
ey = CF (T} inok+1 — Tour)) i € HP (12)

— ~EC(TC cy
Gy = CF; (Tour; — T;1) j € CP (13)

Approach temperatures:
C
AT, < Th - T+ T(1 - z,,)

i€ HP,je€ CP, ke ST (14)
C
AT} k1 = T k1 T Tj,k+1 +I'(1 - Zi,j,k)
i€ HP,je CP, ke ST (15)

ATy, < Tj ~ok+1 — Tour,cu + T(1 — z¢y) i € HP

(16)
C .
ATy £ Toyruu — Tjn + ra- ZHUj) JECP (1)

Minimum approach temperature (lower bounds):

AT, > EMAT i€ HP,j€ CP, ke ST (18)
AT, > EMAT i€ HP (19)
AT,y > EMAT j € CP (20)

Logical constraints:

qi,j,k - in,j,k S 0 i€ HP,] e CP, k (S ST (21)
qCUi - QZCUi S 0 i € HP (22)
Tuj ~ Qzyy; <0 jeECP (23)

Area calculations using Chen’s (1987) approximation for the
logarithmic mean temperature difference:

(AT + AT 1h1)
Wik ij,k+1 <0

qi,j,k - 1;k \/AT kA ij,k+1

2
i€ HP,je CP, ke ST (24)
qCUi - ACUi[]i,CU
[ATCU:' + (TgUTi - TIN,CU)]
X 3\/ ATCUi(T(I;IUTi - TIN,CU) 5 <0
i€ HP,j€ CP, ke ST (25)

Ty ~ AnyUinu

C
[ATHU;' + (TIN,HU - TOUT]‘)] <o

C
X \/ HU,(TIN HU TOUT;‘)

2
i€ HP,jE CP, k€ ST (26)
Additional variable bounds:
Tour < ’I'll,—i < Tp; i€ HP 27)
C C c .
Tourj 2 Tjk 2 Ty j € CP (28)
0<g,,< < min{CF{(Ti; — Toury), CF(Tour; — Ting)}
i€ HP,je CP, keST (29)
H/~+H H )
0 < gy, = CF; (Tiwi — Tours) i € HP (30)
C C C A
0 < gy < CF; (Tour; — Tivy)  j € CP (31)

4. LOWER BOUND MODEL

Because of the assumption of isothermal mixing, the model does
not contain bilinear terms except when the area is calculated. We
concentrate on the linearization of Chen’s approximation of
logarithmic mean temperature in eqs 24 to 26. We discretize the
temperature differences AT as follows:

D
Z r AT e < AT < Z ik AT k1
A2 A2
i € HP,j € CP, k € ST (32)
Y ri=1 i€HP,j€ECPkEST
V1 (33)

where the index [ corresponds to the partitions. Then, we replace
eq 24 with the following set:

qi,}',k - Z Zi,j,k,l,mKi,j,k,l,m <0

YI,Vm

i€ HP,je€ CP, ke ST (34)
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Z Zijjhm T’i,j,k,m <0

7
i€eHP,jeCP,keST,meL (35)
Z Zi,j,k,l,m - lPri,j,k+1,1 <0
Vm
i€eHP,jeCP,keST,IEL (36)

> Zjiim—Ayg=0 iE€HP,jECP keST
YmV1
(37)
where

D D
(AT, iy + AT )
2

I Pt D
Kiicim= U;,j\/A’R',j,k,lATi,j,k+l,m

(38)
and Z;;,,, is binary. A similar relaxation can be written for
equations 25 and 26.

The resulting model after the substitutions constitutes a mixed
integer linear relaxed model that is a lower bound of the full
model eq 1 through eq 31. An alternative would have been a
reformulation of eqs 24—26 to obtain a quadratic set of equations
(see Manousiouthakis and Sourlas”).

5. BOUND CONTRACTION

The bound contraction procedure used is the interval elimination
strategy presented by Faria and Bagajewicz." The basic strategy is
summarized next. Further details of different strategies can be
found in the original paper.

1. Run the lower bounding model (presented in section 4) to
obtain a lower bound of the problem and identify the
intervals containing the solution of the lower bounding
model. Update the overall lower bound (OLB).

2. Run the original MINLP initialized by the solution of the
lower bounding model (previous step) to find an upper
bound solution. If a solution is found, update the overall
upper bound value (OUB).

3. Calculate the gap between update OUB and OLB. If the
gap is lower than the tolerance, the solution was found.
Otherwise go to the step 4.

4. Run the lower bounding model forbidding the intervals
selected in step 1. All previously forbidden intervals are set
free. If the LB is infeasible, or its value is larger than the
current OUB, then all the intervals that have not been
forbidden for this variable are eliminated. The surviving
feasible region between the new bounds is repartitioned.

5. Repeat step 4 for all the other variables, one at a time.

6. Go back to step 1 (a new iteration using contracted
bounds starts).

Remarks:

e Different options for bound contracting have been
proposed (Faria and Bagajewicz'): One-pass interval
elimination, cyclic elimination, single and extended
interval forbidding, etc., all of which are detailed in the
referenced articles.

e The process is repeated with new bounds until
convergence or until the bounds cannot be contracted
anymore.

e If the bound contraction is exhausted, there are two
possibilities to guarantee global optimality: Increase the

& |

¥ : ¥
X [0.0.5] X{0.51]
OUB>LB UB<OLB
) I
v ¥
X [0.25] X [0.25.0.5]
OUB > 1B OUB>1B

F1

Continue to calculate UB and LB updating their global values
until the gap is lower than tolerance without bound elimination

(b) X[0.1]
UB>LB
Bound Contraction
X [0.0.8]
UB>LB
|
¥ i v
X[0.0.4] X{0.4.08]
OUB = OLB UB=OEB_
Bound Contraction
X [0.08.04]
OUB = OLB
| ,
X[0.08.024] X [024.04]
_UB<OLB OUB > OLB

Bound Contraction
v

Continue to calculate UB and LB updating their global values
uatil the gap is lower than tolerance with bound elimination at each node

Figure 2. Illustration of the branch and bound procedures (a) without
bound contraction and (b) with bound contraction at each node.

Table 1. Example 1 Data®

Ty T h CF C
stream K K kW/(m?K) kW/K $/(kwa)
H1 590 370 13 5
C1 395 670 0.5 15
Ccu 290 300 1.0 60
HU 680 680 5.0 120
“EMAT =S K

partitioning of the variables to a level in which the sizes of
the intervals are small enough to generate a lower bound
within a given acceptable tolerance to the upper bound, or

e Recursively split the problem in two or more subproblems
using a strategy such as the ones based on branch and
bound procedure.

Branch and Bound with Bound Contraction. The branch
and bound procedures used with and without bound contraction

by Faria and Bagajewicz' at each node are illustrated in Figure 2
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AT? 3 . N LR . : 30 Table 2. Example 2 Data®
CLH11 i i o) i
T T h CF C
p 3 4187 . . . ; . . 290
ATy, f T f f T f i stream K K kW/(m?K) kw/K $/(kwa)
b5 7625 , 111875 290 HI 650 370 L0 10
AT2 1 : ) : : : : | H2 590 370 1.0 20
Cl 410 650 1.0 15
ATE, o e+ BT 2 350 500 10 13
. CU 300 320 1.0 15
Y selected interval HU 680 680 50 80
Figure 3. Selection of intervals in lower bounding MILP. “EMAT = 10 K.
5 115625 1255 300 581.8 386.8
AT 0y | T : HI 650 O O AT~ 370
o 713 m’ 49m
: 167.7 kW
oS wws L w 823 kW
ATE 1, . . . . . . . | 590 4687 o 370
140.6 m* 378 m
AT2 3 : 76i23 111875 : : : : 290 133 m’ s 1973.4 kW
cu.H1 1 491.1 kW i
650 +fr—8173 () STI8 410 cl
b 3 . . ‘ 215 250 285 ;
ATirey : . : . . : . | X gg’éf(;’;(w
@ forbidden interval 500 O 350 €2
. N D
Figure 4. Interval elimination for AT¢ ;- Figure 8. Example 2 solution.
115.625 1255
AT i | : f f t f t } ] 160
155 | B
541875 300
ATC%HL: o— t t t t t t { 1 -
150
s 7625 111875 290 ) 1
ATS o : i : : : : : : o owusd =t
= |
5 215 250 285 < |
ATD, o) % : % : : % : : > 140,
m 1r-
© forbidden interval E 135 4/ LB (2 lNT)
. e Q 1 7 === LB (4 INT)
Figure S. Interval elimination for AT2 . D 1304 -
gur CI,HI,2 = 17 LB (6 INT)
L, 1565 . ' L . s © s -LB (8 INT)
ATG s ' , - —— ' , . === LB (10 INT)
41875 1207
5 875
ATE s ¥ : : ——t : : . i
115 T T T T T
b 3 . 7625 111875, ‘ . . 290 20 30 4 50
AT o 1 . Ot . . . | ITERATIONS
AT, & . ) ) . . 215, 250 285 Figure 9. Progression of lower bound (Example 2).
e | . . } . . et i
@ forbidden interval Table 3. Example 3 Data®
% selected interval
., T [ h CF C
Figure 6. Interval elimination for AT .
84 ! CUHI stream K K KW/(m?K)  kW/K  $/(kWa)
ATP 115.625 ) ) ) 125.5 H1 433.15 366.15 0.06 2.634
LA ' ' ' ' ' ' ' ' H2 522.15 41118 0.06 3.162
< 41875 H3 500.15 339.15 0.06 4431
D 1 ) . . . . . o
ATgima r . . . . 1 . - H4 472.15 339.15 0.06 5319
Cl1 333.15 433.15 0.06 2.286
ATE 1 ; ; ; ; ; ; M c2 389.15 49515 0.06 1.824
C3 311.15 494.15 0.06 2.532
Ar? 3 , , , , o215 250 85 c4 355.15 450.15 0.06 5.184
er b } f f f f } }
ol ' cs 366.15 478.15 0.06 4170
® forbidden interval Cu 31115 355.15 0.06 53349
Figure 7. Interval elimination for ATEU’CI. HU 415 R 0.06 566167
“EMAT = 10 K.

for one generic variable between zero and one. Both techniques
are summarized next:

1. Set the overall upper bound as OUB = +o0

DOI: 10.1021/ie5032315

Ind. Eng. Chem. Res. XXXX, XXX, XXX—XXX


http://dx.doi.org/10.1021/ie5032315

Industrial & Engineering Chemistry Research

Table 4. Example 3 Economic Data

Cig ($) Cy ($/m?) C ($/kWa)
HE 5291.9 77.79
cu 77.79 53349
HU 77.79 566167

2. Solve the lower bound model and set the overall lower
bound as the OLB as the current solution, if it is feasible.
Otherwise, the original problem is infeasible.

3. Solve the upper bound model (in our case the original
MINLP model) using the solution of the lower bound
model as the starting point. If a solution is found, update
OUB to its lower value.

4. If the gap between OUB and OLB is lower than the
tolerance, the solution was found. Otherwise, set the first
B&B node as the solution obtained in step 2 and go to
steps a or b.

(a) Branch and bound without bound contraction

1. Choose an open node.

2. Divide a variable into two intervals and create two
subproblems (or branch and bound nodes) and find
their lower bounding solution.

3. If the subproblem is feasible, go to next step.
Otherwise, fathom this node and go to step al.

4. Run the upper bounding model for the feasible
subproblem(s). If a new upper bound solution is
found that is lower than the current OUB, update
the OUB.

5. Update the OLB as the minimum value of the open
nodes lower bounds.

6. Repeat last five steps until the difference between
the OUB and the OLB is lower than the tolerance.

(b) Branch and bound with bound contraction at each node

Choose an open node.

. Divide a variable into two subproblem (or new

nodes) and find their lower bounding solution.

3. Bound contract each subproblem.

4. If the bound contracted subproblem becomes
infeasible, this subproblem is infeasible and this
node can be fathomed. Go to step bl.

S. If the subproblem is feasible, run the upper
bounding model for the feasible subproblem(s). If
a new solution is found, update the OUB.

6. Update the OLB as the minimum value of the open
nodes lower bounds.

7. Repeat last six steps until the difference between the

OUB and the OLB is lower than the tolerance.

In the branch and bound with the bound contraction, our bound
contraction procedure is applied to only one iteration at each
node before variables are branched (Figure 2b). This method
may sometimes take a longer or shorter time depending on the
success of the bound contraction step.

Examples. Three examples of different sizes are presented in
this section. The examples were implemented in GAMS (version
23.7)"* and solved using CPLEX (version 12.3) as the MIP
solver and DICOPT”® as the MINLP solver on a PC machine (i7
3.6 GHz, 8 GB RAM).

Example 1. The first example is a small two-stream example
used to illustrate the proposed approach in detail. For this reason,
a relatively large number of partitioning intervals (eight) was
chosen to ensure that only one interval elimination loop is
needed to satisfy the convergence criterion in a few iterations.

The data for the example is presented in Table 1. The fixed
cost of units is 10,000 $, and the area cost coefficient is 350 $/m>.
The number of continuous variables is 18, the number of binary
variables is 4, the number on the number of equations is 23, the
number of nonlinearly participating variables is 14, and the

D=

)

H1 43315 ), > 366.15
1
213.246m?
176.478 kW
424418
H2 52215 Q 41115
P 219.757m?
43317m? 83.937m’ 116.556kW
52122kW 394747 IRV | 365455 -
H3 50015 O Q ng—» 339.15
287.108 m? 51475 m? 264.065m?
256.098kW 103.963 s 5gs LA2UY
7215 O O)- 339.15
H4 4721 O O /@_. 339.1
618.898 m? 254.042m?
467.040kW 206.448kW
410.349
433.15 O O 35 Cl
207.161m? 528.471m?
151.392kW 362.685kW
412.15 ~\
19515 (¥ O 38015 C2
392.686
49415 O O sias C3
380.188
450.15 O O 35515 C4
478.15 O 36615 C5

Figure 10. Example 3(10SP1) solution.
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Table 5. Comparison of Results for Different Numbers of Partitioning Intervals

no. of intervals 2 3
objective value (k$/year) 99606.28 99606.28
gap between UB and LB 0.099% 0.091%
no. of iterations S 3

time 20s 14 s

4 S 6 7
99606.28 99606.28 99615.19 99629.62
0.085% 0.096% 0.072% 0.096%
2 1 2 1

16 s 4s 14s Ss

Table 6. Comparison of the Results with Different Methods

GAP
objective between
value(k no. of UB and
method $/year) iterations LB time
bound contraction (with 2 99606.28 S 0.099% 20s
intervals)
B&B without bound 99606.28 100 0.144% 1m48s
contraction at each node
(with 2 intervals)
B&B with bound 99606.28 6 0.099% 35s

contraction at each node
(with 2 intervals)

number of distinct nonlinear terms is 4. We used 1% gap between
UB and LB as termination criteria and 8 partitioning intervals in
the discretizing variable. The lower bounding MILP has 35
binary variables, of which 32 correspond to binary variables used
for the interval partitioning, and 127 are continuous variables.

According to the solution algorithm described in the previous
section, the lower bounding MILP is solved first to provide a
lower bound, the first set of partitioning intervals, and initial
point for the upper-bounding MINLP. The lower bound
obtained is 467.330 k§$.

In Figure 3, initial intervals for the partitioned variables
(temperature differences) are depicted, and the intervals selected
by the lower bound model are denoted by a star.

Since this example consists of only two process streams and
two utilities, only one heat exchanger, one cooler, and one heater
are possible in a one-stage superstructure. Thus, only four
temperature differences are variables which are subjected to
partitioning. These are the temperature difference on a hot side
(k = 1) of a heat exchanger (ATc,y,), the temperature
difference on a cold side (k = 2) of a heat exchanger (AT¢, y,,),
the temperature difference at the hot side of a cooler (ATcy ),
and the temperature difference at the cold side of a heater
(ATyycy)- In this example, the tolerance gap between the lower
and upper bound is 1%.

Next, the upper-bounding nonconvex MINLP is solved, giving
an upper bound of 483.808 k$. The gap between the lower and
upper bound equals 3.406%. Because the convergence criterion
(difference between OLB and OLB lower than the tolerance) is
not satisfied, the elimination of intervals is performed in order to
tighten the feasible region of a lower bounding problem.

In Figures 4—7 the one-pass interval elimination procedure is
presented. The procedure eliminates intervals—one partitioned
variable at a time, starting with ATELHM. First, the procedure
states that the interval that was selected by the lower bounding
MILP (see Figure 3) should be forbidden. Solving the lower
bounding MILP produces the infeasibility of the lower bound
model; all the intervals, except the one that was forbidden, can be
eliminated. In other words, the feasible space for variable
ATcy g, is reduced from initial ATy, € [EMATI] to
ATcyp, € [115.625,152.5]. The surviving interval is reparti-
tioned to the same number of intervals (eight).

The same procedure is repeated for the second partitioned
variable ATc,y, respectively. The available intervals are

depicted in Figure 5. Note that the available discrete values for
the temperature difference (AT¢,yy,) are the ones obtained
after repartitioning in the previous elimination step (Figure 4).

The lower bound obtained is the infeasible result. All the
allowed intervals (ATgy,, > 41.875) are eliminated. The
remaining interval is repartitioned.

Figure 6 shows the available intervals for the third partitioned
variable (AT¢yy). Unlike in the first two interval elimination
steps, a feasible solution is obtained with the objective value
lower than the current upper bound.

Since the lower bound obtained in this elimination step
(483.326 k$) is not higher than the current upper bound
(483.808 k$), none of the intervals can be eliminated.

Finally, the last partitioned variable (AT ;) is subjected to
the elimination procedure. Figure 7 shows the available intervals.

Again, the lower bounding model with the forbidden interval
produced the infeasible solution. The nonforbidden intervals are
eliminated and the forbidden one is repartitioned. This
concludes the first iteration.

In the second iteration, first, the lower bounding MILP is
solved, yielding a lower bound of 479.564 k$. Next, the upper-
bounding nonconvex MINLP is solved. The upper bound
obtained equals 483.808 k$. The gap between lower and upper
bound reduces from 3.406% (first iteration) to 0.877%. Since the
convergence criterion is met the algorithm stops without
triggering the second interval elimination loop.

The total CPU time needed to obtain the solution was 0.28 s,
of which 33% corresponds to MINLP resource usage. Solving the
same example, but fixing the integers and using NLP to obtain
the upper bound, reduces the total time needed to 0.25 s.

Example 2. The second example consists of two hot and two
cold streams. The data are given in Table 2. The fixed cost of
units is 5500 $, and the area cost coeflicient is 150 $/m> The
number of continuous variables is 69, the number of binary
variables is 12, the number on the number of equations is 81, the
number of nonlinearly participating variables is 44, and the
number of distinct nonlinear terms is 12. The lower bounding
MILP has 44 binary variables, of which 28 correspond to binary
variables used for the interval partitioning, and 125 are
continuous variables. We used a 1% gap between UB and LB
as termination criteria and 2 partitioning intervals in the
discretizing variable.

The globally optimal solution, depicted in Figure 8, has an
annualized cost of 154.995 k$. It was obtained in 4 min 10 s of
CPU time when we used 2 partitioning intervals.

The example was solved using a two-stage superstructure and
different numbers of partitioning intervals (2, 4, 6, 8, and 10).
Figure 9 shows the progression of lower bound values as a
function of the iterations (one iteration is one cycle of bound
contraction following the running of the unrestricted LB model
and the UB model).

Example 3. The third example consisting of five cold and four
hot process streams and one cooling and one heating utility was
reported as 10SP1 in Cerda’® as well as in Papoulias and
Grossmann.”” The data are given in Tables 3 and 4. The fixed
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cost of units is 5291.9 $, and the area cost coefficient is 77.79
$/m?. This example was solved using a two-stage superstructure.
We used 0.1% gap between UB and LB as termination criteria
and 2 partitioning intervals in the discretizing variable. The
number of continuous variables is 264, the number of binary
variables is 49, the number on the number of equations is 260, the
number of nonlinearly participating variables is 187, and the
number of distinct nonlinear terms is 49. The lower bounding
MILP has 187 binary variables, of which 118 correspond to
binary variables used for the interval partitioning, and S11 are
continuous variables. DICOPT cannot find any optimum
solution unless a good initial value is given.

The globally optimal solution, depicted in Figure 10, has an
annualized cost of 99606.288 $ and is obtained in the root node
of the fifth iteration after 20 s of CPU time. The statistics for the
different numbers of intervals used is shown in Table 5. As we
add more intervals, the number of iterations tends to diminish
and the time increases. Noticeably, this problem takes less time
than the smaller example 2. This can be possibly explained by the
existence of several suboptimal solutions close to the optimum
for example 2 and not so many for the present case. We leave this
analysis for future work.

We also tested the method, without using branch and bound
and using branch and bound with and without bound contraction
procedures. The results of these methods are summarized in
Table 6. Note that the B&B methods were stopped at 100
iterations. Quite clearly, the additional number of MILP runs,
does not make B&B a good option, even without the bound
contraction at each node.

We also run the three examples using Antigone and Baron.
Antigone solved problems 1, 2, and 3 to zero gap in 0.31's, 1.5 s,
and 4 min 54 s, respectively. In turn, Baron solved these problems
in 0.03 s, 14 min 30 s, and 13 s, reggectively. This was obtained
using personal communications.” Comparisons are made on
different machines, and, in addition, using algorithms (Antigone
and Baron) that have years of development and improvement,
while ours is still under development. Nevertheless, they
compare well with our times: 0.28 s, 4 min 10 s, and 4 s for
our strategy.

B CONCLUSIONS

We presented a new bound contraction method based on
domain and image partitioning for the global solution of MINLP
problems. The key to the method is the lower bound model,
which exhibits a tight bound. This model is then combined with
pure bound contraction (as in Faria and Bagajewicz'), branch
and bound (classical version) and branch and bound with bound
contraction at each node. The model is significantly faster for the
big problem that we tested as compared to the branch and bound
options. In fact, we can say that for the problem tested, the
branch and bound with or without bound contraction, using our
lower bound model is not eflicient.
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B NOMENCLATURE

Sets:
L, M, N, O = discretization grid

HP = hot process streams
CP = cold process streams
ST = stages
I = hot process streams
J = cold process streams
K = stages
Parameters:
ATB,C,, = discretized temperature difference in stage k; match
G )
ATRy , = discretized temperature difference on a hot side of a
cooler; match (i, CU)
ATy jo = discretized temperature difference on a cold side of
a heater; match (j, CU)
M: = large value for “big M” constraints
Y = upper bound on areas
Ty = inlet temperature
Tour = outlet temperature
Ccy = cold utilities cost
Cyy = cold utilities cost
C, = area cost parameter
Cy = fixed heat exchanger cost
CF = heat capacity flow rate
NOK = number of stages
€2 = upper bound on exchanged heat
I' = upper bound on temperature difference
EMAT = exchanger minimum approach temperature

Variables:

AT;;; = temperature difference in stage k for match between

stream i and j

ATy ; = temperature difference for match between stream i

and cold utility

ATyy j = temperature difference for match between stream j

and hot utility

q;; = exchanged heat for (i, j) match in stage k

qcu ; = cold utility demand for stream i

quu ; = hot utility demand for stream j

Tt} = temperature of hot stream i on the hot side of stage k
ik = temperature of cold stream j on the hot side of stage k

2;;. = binary variable for (i, j) match in stage k

Z.y; = binary variable for cold utility in stream i

2y,j = binary variable for hot utility in stream j
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